The θK has been re-evaluated via mass relations and latest experimental results, meanwhile, the MK 1B also be obtained. Based on the singlet-octet mixing model and quark-flavor mixing model, the θ h 1 has been recalculated with a modified formula, by inputting MK 1B instead of θK . The values are calculated to be |θK | = (42.6 ± 2.2) • , MK 1B = 1333.9±4.6 MeV/c 2 and θ h 1 = 29.5±2.0 • . Using these calculations as input, we predict that the branching fraction of J/ψ → η ′ (η)h1(1170) is about one order higher than that of J/ψ → η ′ (η)h1 (1415), which can be measured in future experiments to test the validity of these two models.
I. INTRODUCTION
In the quark model, pure flavor singlet and octet can be mixed to form mass eigenstates due to flavor SU(3) symmetry breaking. A parameter, octet-singlet mixing angle θ, is used to construct the mixing formation. Since mixing angle is tightly related with decoupling of u and d quarks from s quark, the determination of mixing angle in different types of singlet and octet, especially for vector and tensor mesons, is extremely significant for us to understand hadronic physics.
There are two kinds of P-wave axial-vector mesons with J P = 1 + , which are 3 P 1 and 1 P 1 , respectively. According to experimental results, a 1 (1260), f 1 (1285) and f 1 (1420) are members of 3 P 1 state with J P C = 1 ++ , while b 1 (1235), h 1 (1170) and h 1 (1415), which called as h 1 (1380) previously and re-named as h 1 (1415) by PDG [1] , are members of 1 P 1 state with J P C = 1 +− . Besides, K 1A and K 1B are 3 P 1 and 1 P 1 states, respectively, with J P = 1 + without definite C parity. Among them, f 1 (1285) was firstly discovered in 1965 by CERN [2] and BNL [3] . Since then, many experimental investigations have been performed on f 1 (1285) and later discovered f 1 (1420). Their masses were predicted to be M f1(1285) = 1229.5 MeV/c 2 and M f1(1420) = 1487 MeV/c 2 [4] based on hypothesis of quark flavor states. However, these predictions are inconsistent with the averaged experimental measured values, with more than 5σ. The same thing happened to h 1 (1170) and h 1 (1415). To incorporate these states into quark model, a mixing method are employed to explain them. There are two mixing schemes to solve this problem, which is singlet-octet (SO) basis and quark-flavour (QF) basis [5] [6] [7] [8] [9] , respectively. Actually, these two mixing models are essentially the same since both of them are constructed on the basis of mass differences between u, d and s quarks. By the way, there are also other explanations on the h 1 (1170) and h 1 (1415), e.g., pseudoscalar-vector meson interaction [10, 11] .
In the P-wave state axial-vector meson members, f 1 (1285), f 1 (1420), h 1 (1170) and h 1 (1415) are regarded as partial strange axial-vector mesons, K 1A and K 1B mesons are strange partners of a 1 (1260) and b 1 (1235), respectively, while a 1 (1260) and b 1 (1235) are neutral [12] .
The mixing between states of 3 P 1 and 1 P 1 with definite C-parity are forbidden, which makes the mixing between K 1A and K 1B to be the unique place to study the relationship between them. The mixing angle between K 1A and K 1B , named as θ K , is responsible for the physical mass eigenstates K 1 (1270) and K 1 (1400). Therefore the precise determination of θ K will directly contribute to the estimation of K 1A and K 1B masses, and it is also of great importance to the study of P-wave mesons. Furthermore, its bridge function on understanding the mass relation of the vector mesons flavor-SU(3) singlet and octet states due to mixing, is of fundamental importance on hadronic physics. Besides, θ K is an input parameter when studying production rates of K 1 (1270) and K 1 (1400) in B and D decays [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] , which also calls for more careful studies.
This paper is mainly divided into four parts. Firstly, we present experimental results on P-wave states axialvector mesons. Secondly, we discuss the θ K and K 1B mass via a mass-squared matrix. Thirdly, we used the h 1 (1415) masses measured by LASS [23] , Crystal Barrel [24] and BESIII [25, 26] to calculate the mixing angle of h 1 (1170) − h 1 (1415). In the last section, we use calculated mixing angle to predict production ratio of J/ψ → η ′ h 1 (1415) and J/ψ → η ′ h 1 (1170).
II. EXPERIMENTAL RESULTS
Currently, the masses of f 1 (1285) and f 1 (1420) are measured via various decay model, such as ηππ, γρ 0 [27] , four-pion [28, 29] , and KKπ [30] . Their averaged values are M f1(1285) = 1281.9 ± 0.5 MeV/c 2 and M f1(1420) = 1426.3 ± 0.9 MeV/c 2 [12] , respectively. The mixing angle between f 1 (1285) − f 1 (1420) is regarded to be about 50 • based on analysis of generalized Gell-Mann-Okubo mass relation [31] , SU(3) coupling formula, γγ * decays of f 1 (1285) and f 1 (1420) [32] , and radiative J/ψ decays studied by Close and Kirk [33] .
The latest study about h 1 (1170) was performed by A. Ando et al. [34] . They carried out a partial wave analysis for the system of π + π − π 0 , and the mass of h 1 (1170) is measured to be M = 1168 ± 4 MeV/c 2 , which is consistent with the estimated value M = 1170 ± 20 MeV/c 2 from PDG [12] .
Theoretically, the meson mixing model [32, 35] predicts the mass of h 1 (1415) to be M h1(1415) = (1489.75 ± 18.08) MeV/c 2 or M h1(1415) = 1468 MeV/c 2 , while predictions of models which based on quark antiquark and chiral symmetry breaking effects lie in a wide range, from 1386.42 MeV/c 2 to 1511 MeV/c 2 [36] [37] [38] [39] [40] . On the experimental side, LASS [23] , Crystal Barrel [24] and BESIII [25, 26] have measured the mass of h 1 (1415) with large uncertainty, which are summarized in Tab. I. In the table, significant deviations and large uncertainty on different experimental measured h 1 (1415) masses before 2018 are shown, which leads to a controversy on its nature and no assignment on this particle. Benefit from the precisely measured mass by BESIII at 2018, the PDG began to record it as a normal meson and assigned as h 1 state. 
III. DISCUSSION ON θK θK θK
According to Appelquist-Carazzone decoupling theorem [41] , one can infer that when the s quark mass m s becomes as large as comparable with Λ QCD , which represents the scale of confinement and spontaneous chiral symmetry breaking in quantum chromodynamics (QCD), it is possible to form an effective low-energy theory with s quark decoupled completely. Therefore, two mass eigenstates, one composed of the light u and d quarks and orthogonal to the which other only composed of s quark, must be produced by the mixing of meson flavor eigenstates. In the case of f 1 (1285) and f 1 (1420) or h 1 (1170) and h 1 (1415), from the mass relation, the mixing is accomplished through a mixing angle which depends on the masses of K 1A and K 1B which in turn depends on θ K . Besides, under the SU(3) gauge theory [31] , the decoupling angle θ 0 = 35.3 • is considered as an ideal mixing angle for vector or tensor mesons.
The first study on θ K was performed by Carnegie et al in 1977 [42] , and the value is calculated to be (41 ± 4) • . Thereafter, many phenomenological analyses explore the value of θ K via the processes involving K 1 mesons. H. Hatanaka [32, 45] , respectively. In addition to these, the Relativized Quark Model [37, 46] and Nonrelativistic Constituent Quark Model(NCQM) [38, 47, 48] are employed to predict θ K and the resultant values are in the range from 31 • to 55 • . Besides, some other models are proposed to study θ K , such as Quark-Pair-Creation Model(QPCM) [49] and Dynamical Model [50] , and the predicted results are θ K = 45 • and about 60 • , respectively. The θ K values calculated by various models are summarized in Table II. Under QF basis and SO basis, the mixing between f 1 (1285) and f 1 (1420) or h 1 (1170) and h 1 (1415) can be written as [44] :
and
where 1 = (uū + dd + ss)/ [13] θK = (34 ± 13) • QF basis [43, 44] θK ∼ 33 • /57 • |θK | = (33.6 ± 4.3) • SO basis [32, 45] θK ∼ 34 • |θK | = (59.55 ± 2.81) • Relativized Quark Model [37, 46] θK ∼ 34 • θK ≃ 45 • NCQM [38, 47, 48] 35 [49] θK ≃ 60 • Dynamical Model [50] θK = 45 • of between α and θ is α = θ 0 − θ.
Generally, the mixing between 3 P 1 and 1 P 1 states can be expressed as
From mass relations [32, 45] , the mixing angle θ + and θ − rely on K 1A and K 1B masses, respectively. From equation (3) and (4), it is clear that the mass of K 1A or K 1B is dependent on the mixing angle between K 1A and K 1B , θ K .
Since no great improved measurement on h 1 (1415) in the foreseeable future than that by BESIII, we update this result by inputting the BESIII measured M h1(1415) = 1423.2 ± 7.6 MeV/c 2 to calculate θ K and M K1B , and the results are
The θ K is consistent with most theoretical predictions which hold the θ K is smaller than 45 • .
Given the most precise h 1 (1415) mass measured by BESIII, we update the calculation on θ h1 , by only rely on M K1B obtained in section III, which differs to previous models with additional θ K uninvolved.
In this section, we use experimental results of h 1 (1415) mass from LASS [23] , Crystal Barrel [24] and BESIII collaboration [25, 26] to calculate the θ h1 , and an averaged θ h1 is also presented. Under the SO model, the mixing of h 1 (1170) and h 1 (1415) can be described by a symmetric matrix as [44] 
where m 1 and m 8 represent the masses of singlet and octet, respectively.
According to Ref. [44] , one have
Basing on (7) and (8) , the relation between mixing angle and the masses can be written as
where the mass of the octet state can be deduced from Gell-Mann-Okubo relations [31] as
With some appropriate replacement such as m H = M h1(1415) and m L = M h1(1170) , and inputting the result of M h1(1415) from three experiments mentioned above, the θ h1 can be calculated, and the results are shown in Tab. I. The averaged θ h1 is also shown in Tab. I. The re-calculated values of θ h1 give us an opportunity to estimate the production rates of channels involving h 1 (1415) and h 1 (1170).
The decay widths of J/ψ → η ′ h 1 and J/ψ → ηh 1 can be written as
where h 1 presents h 1 (1170) or h 1 (1415), m η ′ and m η are masses of η ′ and η, respectively, q is momentum and ε is the polarization vector of J/ψ. A is the amplitude of the process and can be expressed as
in J/ψ → η ′ h 1 and
A =< h 1 (1415)η|Ĥ|J/ψ > (16) in J/ψ → ηh 1 , respectively.
Whether in process J/ψ → η ′ h 1 or J/ψ → ηh 1 , under QF basis and SO basis, the production amplitudes of decay h 1 (1415) and h 1 (1170) can be expressed as
respectively, where θ and α are set to be 29.5 • and 5.8 • ,respectively, according to the prediction of section IV, means mixing angle of h 1 (1170) − h 1 (1415) in QF basis, which is 6 • according to the section III, g 0 is coupling constant describing the decay strength, and R presents the SU(3)-breaking ratio with the value of 0.6298 ± 0.00068 [32] . After cancelling the common parameters, the ratio of Br(J/ψ → η ′ h 1 (1415)) and Br(J/ψ → η ′ h 1 (1170)) is only related to momentum and amplitude of h 1 (1415) and h 1 (1170), and the ratio is
in QF basis and
in SO basis, respectively. Where q h1(1415) and q h1(1170) are momenta of h 1 (1415) and h 1 (1170) in the J/ψ rest frame, and written as [12] 
where M is mass of J/ψ, m 1 and m 2 represent the masses of η , or η and h 1 (1170) or h 1 (1415), respectively. Inputting mixing angles of h 1 (1415) − h 1 (1170), in both models the ratio is calculated to be Br(J/ψ → η ′ h 1 (1170)) Br(J/ψ → η ′ h 1 (1415)) ≃ 12 (24) and Br(J/ψ → ηh 1 (1170)) Br(J/ψ → ηh 1 (1415)) ≃ 13.
VI. SUMMARY
In summary, we have re-evaluated the θ K , and the calculated value is θ K = (42.6 ± 2.2) • , which is consistent with the popular opinion that it should be less than 45 • .
The θ h1 also has been recalculated with a modified formula and a precise result, θ h1 = 29.5 ± 2.0 • , is obtained. Using this result, the production of J/ψ → η ′ (η)h 1 (1170) is estimated to be about one order higher than J/ψ → η ′ (η)h 1 (1415), which can be tested in the future experiments.
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